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EIGENVALUE AND GAP ESTIMATES FOR THE LAPLACIAN
ACTING ON p-FORMS

PIERRE GUERINI AND ALESSANDRO SAVO

Abstract. We study the gap of the first eigenvalue of the Hodge Laplacian
acting on p-differential forms of a manifold with boundary, for consecutive
values of the degree p.

We first show that the gap may assume any sign. Then we give sufficient
conditions on the intrinsic and extrinsic geometry to control it. Finally, we
estimate the first Hodge eigenvalue of manifolds whose boundaries have some
degree of convexity.

Let (Mn, g) be an n-dimensional compact, oriented Riemannian manifold with
(possibly empty) smooth boundary ∂Mn. For all p ∈ {0, . . . , n} we consider the
Laplacian ∆p (often denoted simply by ∆) which acts on smooth differential p-forms
ω ∈ Λp(M) by

∆pω := (dδ + δd)ω,

where d is the exterior derivative and δ := (−1)n(p+1)+1 ∗ d∗ is the codifferential,
∗ being the Hodge operator. ∆p is often called the Hodge (or Hodge-de Rham)
Laplacian of M .

If ∂M 6= ∅, we consider the following eigenvalue problem defined by the absolute
boundary conditions: {∆ω = µω,

J?iν̃ω = J?iν̃dω = 0,

where J is the inclusion ∂M ↪→M and ν̃ is the inward unit normal vector at each
point of ∂M .

This is a generalization of the Neumann boundary problem for functions. We say
that the form ω is tangential on ∂M if J?iν̃ω = 0, that is, if ω vanishes whenever
one of its arguments is a vector normal to the boundary. Hence ω satisfies the
absolute boundary conditions if and only if both ω and dω are tangential.

The other usual boundary problem for differential forms is given by the relative
boundary conditions: J?ω = J?δω = 0. It generalizes the Dirichlet boundary
problem for functions. Note that the Hodge operator exchanges the two boundary
conditions. We use the notation

µ1,p(M) := first positive eigenvalue of ∆p if

{
∂M = ∅, or

∂M 6= ∅ for the absolute conditions
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and, if ∂M 6= ∅,

λ1,p(M) := first positive eigenvalue of ∆p for the relative conditions.

Note that µ1,0(M) (resp. λ1,0(M)) is just the first nonzero eigenvalue of the Lapla-
cian on functions for the Neumann (resp. Dirichlet) conditions.

Let us describe the scopes of the paper.
In the first two sections we compare the Hodge eigenvalues for consecutive values

of the degree p; namely, we study what we call the p-gap of the manifold,

µ1,p(M)− µ1,p−1(M).

In the third section, we give a lower bound for the first Hodge eigenvalue of a
Riemannian manifold with a boundary having a suitable degree of convexity.

Now the 1-gap is always nonpositive, because it always turns out that µ1,1(M) ≤
µ1,0(M). In [16] and [17] Takahashi shows that any closed manifold M admits two
metrics: one with µ1,1 < µ1,0 and the other with µ1,1 = µ1,0. Hence, the 1-gap
does not impose any restrictions on the topology of the underlying manifold. We
show in Section 1 that the same is true for manifolds with boundary (see Theorem
1.1); more generally we show that the sign of the p-gap (at least if p ≤ n − 2)
has nothing to do with topology. We remark that our construction holds also
for Euclidean metrics: in each diffeomorphism class, we can find three Euclidean
domains for which the p-gap is positive, negative and zero (if p = 2, . . . , n − 2),
respectively, and a pair of Euclidean domains for which µ1,1 < µ1,0 and µ1,1 =
µ1,0, respectively. This is not a priori obvious, because Euclidean domains have
often special properties: for example they always satisfy the well-known inequality
µ1,0(M) < µ1,n(M) = λ1,0(M) (see [4] and the references there). This does not
hold for general Riemannian manifolds with boundary (the excision of a small ball
from a Euclidean sphere, for instance, leads to a small eigenvalue for the Dirichlet
problem on the resulting manifold, but not for the Neumann problem).

Having said that, it would be interesting to see what geometric conditions guar-
antee that the p-gap has a definite sign. Loosely speaking, we show in section 2
that convexity is one of these conditions.

More precisely, we prove (Theorem 2.6) that under the assumption of “p-convex-
ity”, defined below, a Euclidean domain satisfies µ1,p(M) ≥ µ1,p−1(M). In partic-
ular, a convex Euclidean domain has nonnegative p-gap for all p, and therefore the
sequence {µ1,p(M)}p=0,...,n is nondecreasing in that case. Note that by what we
said above, this fact does not hold in general. More generally, in section 2, we give
lower bounds of the p-gap of an isometric immersion of our Riemannian manifold
(with or without boundary) in some Euclidean space and we apply this result to
show that the p-gap of a convex spherical domain is not less than that of a hemi-
sphere (Theorem 2.8). Consequently the (relative or absolute) Hodge spectrum
of convex Euclidean and spherical domains is always bounded below by the first
Neumann eigenvalue on functions. We also give an extrinsic sufficient condition for
having µ1,1 = µ1,0 on an immersed submanifold of Euclidean space (Corollary 2.4).

All the above facts follow from a lower bound for the L2-norm of the energy of
co-closed forms on the immersed manifold (Theorem 2.1) which should be regarded
as the main result of Section 2. In particular, when applied to the volume form of
M , Theorem 2.1 gives back an estimate of Reilly on the eigenvalue µ1,0; see [14]
and Remark 2.2 below.
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Finally, in Section 3, we give in Theorem 3.3 a lower bound of the first Hodge
eigenvalues for arbitrary Riemannian manifolds with boundary in terms of the prin-
cipal curvatures (more generally, what we call the p-curvatures) of the boundary,
and the curvature operator of the manifold. The estimate comes from a general
lower bound on the ratio between the integral of a nonnegative function on ∂M
and M , respectively, which is of independent interest (see Theorem 3.1).

We find in particular that convex hyperbolic domains whose principal curvatures
are bounded below by 1 (all geodesic balls belong to this family) have their relative
Hodge eigenvalues λ1,p(M) bounded below by a positive constant independent of
the inner radius, provided that their dimension is sufficiently large with respect to
the degree p (see Corollary 3.5). This inequality somewhat generalizes a well-known
property of the first Dirichlet eigenvalue of hyperbolic domains (convex or not).

In the first three sections we state the main results in detail, leaving the proofs
of the main theorems and additional remarks to the last section of the paper.

Definitions and basic facts. We first recall some basic facts and notations which
we will be used in the sequel. As the Hodge Laplacian commutes with both d and δ,
it preserves closed (resp. co-closed) p-forms; we denote by µ′1,p(M) (resp. µ′′1,p(M))
the smallest positive eigenvalue corresponding to closed (resp. co-closed) forms.
The Hodge decomposition theorem implies that

(0.1) µ1,p(M) = min{µ′1,p(M), µ′′1,p(M)}

and

(0.2) µ′′1,p(M) = µ′1,p+1(M)

for p ≥ 0. This carries through if M has a non-empty boundary, for both the
absolute and relative conditions. In particular, one always has µ1,1 ≤ µ1,0 and the
equality holds iff µ′′1,1 ≥ µ′1,1.

We also recall that, as the Hodge operator is an isometry commuting with the
Laplacian, one has, for all p = 0, . . . , n:

(0.3) µ1,p(M) = µ1,n−p(M) if ∂M = ∅ and µ1,p(M) = λ1,n−p(M) if ∂M 6= ∅.

We adopt the following notations:

(n− 1)K := lower bound of the Ricci curvature of M,

γ := lower bound of the eigenvalues of the curvature operator of M.

Let ω be a p-form. The Bochner (or Bochner-Weitzenböck) formula is the identity
valid at any point of M :

(0.4) 〈∆ω, ω〉 = ‖∇ω‖2 +
1
2

∆(‖ω‖2) + 〈Wp(ω), ω〉,

where 〈·, ·〉 is the pointwise inner product of forms, and where Wp is a selfadjoint
endomorphism of Λp(M), called the curvature term. Then W1 = Ric and, by [5]:

Wp ≥ p(n− p)γ · Id.

Now fix x ∈ ∂M and p = 1, . . . , n− 1. Let

(0.5)
σp(x) := sum of the lowest p principal curvatures of ∂M at x, and

σp := inf
∂M

σp(x).
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In other words, σp is the lower bound, over ∂M , of all its p-curvatures (sums of any
set of p principal curvatures). In particular:

(0.6)
σ1 = lower bound of the principal curvatures of ∂M,

σn−1

n− 1
= H = lower bound of the mean curvature of ∂M.

One sees that H ≥ σp/p ≥ σ1 for all p.
We will say that ∂M is p-convex if σp ≥ 0. Hence the condition of p-convexity

is weaker than the usual convexity and stronger than the (n − 1)-convexity (i.e.
nonnegative mean curvature).

1. General results on the p-gap

We prove the following fact.

Theorem 1.1. Let M be a smooth compact manifold with boundary of dimension
n ≥ 3 and let p be an integer in {0, . . . , n− 1}. Then there exist metrics gp, g′p, g

′′
p

on M such that:
(1) If p 6= n− 2, n− 1, then µ1,p(M, gp) > µ1,p+1(M, gp).
(2) If p 6= 0, then µ1,p(M, g′p) < µ1,p+1(M, g′p).
(3) If p 6= n− 1, then µ1,p(M, g′′p ) = µ1,p+1(M, g′′p ).

If M is a Euclidean (resp. spherical) domain, then the metrics above can be chosen
to be Euclidean (resp. spherical).

The proof is given in Section 4.1, and uses a result proved in [9] (see Theorem
4.1).

As shown in Section 2, the sequence µ1,p is nondecreasing in p when M is a
convex Euclidean domain. Hence, Theorem 1.1 gives counterexamples to this fact
in the general case.

In Theorem 1.1 of [9], it is shown that one can prescribe any finite part of the
p-spectrum for p in a suitable range. This means that many cases in Theorem 1.1
are direct consequences of [9]. However, Assertion 1 for p = 0, 1, Assertion 2 for
p = 1, n− 1 and Assertion 3 for p = 0, 1 do not follow from [9], and we must give
an independent derivation of them here.

A short comment about the missing cases in Theorem 1.1 above. Assertion 1
(resp. 2) is never satisfied when p = n − 1 (resp. p = 0). But Assertion 1 is an
open problem if p = n− 2; similarly, Assertion 3 is open if p = n− 1. Our method
to control the gaps between the eigenvalues is to make one eigenvalue tend to zero
while the others remain bounded below. Now the Faber-Frahn inequality makes it
impossible to get on a Euclidean domain a small eigenvalue µ1,n−1 without getting
at the same time a small eigenvalue µ1,n−2.

In a similar spirit, Takahashi shows in [17] that, given a closed manifold M
of dimension n ≥ 4 and an integer p = 2, . . . , n − 2, there exist three metrics
g1, g2, g3 on M such that his “gap” µ1,p(M, gi) − µ1,0(M, gi) is positive, negative
and zero, respectively. As an immediate by-product of our proof of Theorem 1.1,
we prove part of Takahashi’s result for manifolds with boundary and in particular
for Euclidean or spherical domains, that is, when the inner metric is prescribed (see
Corollary 4.4).

The results of this section show that much liberty remains in the construction of
gaps, even if we impose a strong rigidity on the metric. To get rigidity for the gaps,
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one must assume additional conditions, for example, convexity of the boundary.
We will address this problem in the next section.

2. Gap of isometric immersions

In this section we consider an isometric immersion of the Riemannian manifold
Mn into some Euclidean space Rd.

If ν is a vector normal to M , we consider the shape operator Sν relative to ν; it
is defined by the identity 〈Sν(X), Y 〉 = 〈L(X,Y ), ν〉 for all X,Y ∈ TM , where L is
the second fundamental form of the immersion. We extend Sν , by derivation, to a
selfadjoint endomorphism of Λp(M), denoted by Sν,p and given by the well-known
formula:

(2.1) Sν,p(ω)(X1, . . . , Xp) =
p∑
i=1

ω(X1, . . . , Sν(Xi), . . . , Xp).

If (ν1, . . . , νm) is an orthonormal basis of the normal bundle of M at any fixed point
(so that m is the codimension of the immersion), then the formula

(2.2) Tp =
m∑
α=1

(Sνα,p)
2

defines a selfadjoint, nonnegative endomorphism Tp of Λp(M) which does not de-
pend on the orthonormal basis chosen. In particular, for any p-form ω:

〈Tp(ω), ω〉 =
m∑
α=1

‖Sνα,p(ω)‖2.

The main result of this section is a general lower bound for the integral energy
of a co-closed p-form on M .

Theorem 2.1. Let Mn → Rd be an isometric immersion and ω a co-closed p-form
on M , with p = 1, . . . , n. If ∂M 6= ∅, we assume in addition that ω is tangential on
∂M , that is, it vanishes whenever one of its arguments is a vector normal to the
boundary. Then∫

M

{‖∇ω‖2 + 〈Tp(ω), ω〉+ (p− 1)‖dω‖2} ≥ pµ′1,p(M)
∫
M

‖ω‖2.

The inequality is sharp for any eigenform associated to µ′′1,p(S
n), where Sn →

Rn+1 is the standard immersion of the canonical sphere.

For the proof, see Section 4.2.

Remark 2.2. When applied to the volume form dvol of Mn (now assumed without
boundary), Theorem 2.1 reduces to the following well-known estimate, due to Reilly
[14], for the first eigenvalue of the Laplacian on functions:

µ1,0(M) ≤ n ·
∫
M ‖η‖2
vol(M)

.

where η is the mean curvature vector of the immersion.

In fact, dvol is parallel; by Hodge duality µ′1,n(M) = µ1,0(M), and the identity
〈Tn(dvol), dvol〉 = n2‖η‖2 is immediate from the definitions.
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For p = 1 one also gets a lower bound for the energy of vector fields, which are
divergence free and tangent to the boundary, by the first Neumann eigenvalue of
the manifold.

We then deduce from Theorem 2.1 a lower bound for the gap µ′′1,p(M)−µ′1,p(M)
in terms of the curvature term Wp of Bochner formula (0.4) and the shape operators
of the immersion, that is, the operator Tp defined in (2.2).

Theorem 2.3. Let Mn → Rd be an isometric immersion with M either closed or
with a p-convex boundary. For all p = 1, . . . , n− 1, one has

µ′′1,p(M)− µ′1,p(M) ≥ 1
p

inf
M

(Wp − Tp).

The notation on the right-hand side refers to the infimum over x ∈M of the lowest
eigenvalue of Wp − Tp acting on p-forms at x.

The inequality is sharp if M = Sn, or M is a hemisphere of Sn, in which case
µ′′1,p − µ′1,p = n− 2p.

The proof is given in Section 4.2. An immediate consequence of Theorem 2.3
is the following extrinsic condition for having no 1-gap. Recall that µ1,1 = µ1,0 iff
µ′′1,1 ≥ µ′1,1. In what follows, we assume that M is either closed or has a convex
boundary.

Corollary 2.4. (a) Let Mn → Rd be an isometric immersion. If Ric ≥ T1 at all
points of M , then µ1,1(M) = µ1,0(M).

(b) Let Mn be a convex hypersurface of Rn+1, and assume that, at any point of
M , any fixed principal curvature of M is not greater than the sum of all the others.
Then µ1,1(M) = µ1,0(M).

In (b) we assume that the principal curvatures of M are all nonnegative: this
is possible by choosing appropriately the unit normal field ν on M . Part (b) then
follows by expliciting the condition Ric−S2

ν ≥ 0 in terms of the principal curvatures
(by Gauss lemma, the condition is equivalent to tr(Sν )Sν − 2S2

ν ≥ 0).

Remark 2.5. For a compact Riemannian manifold the condition Ric ≥ 0 alone does
not guarantee that µ1,1(M) = µ1,0(M).

In fact (see [2], Theorem 0.1 and Example 1.2) the Berger spheres (in the case of
odd dimensions) or their products with S1 (for even dimensions) provide a family
of manifolds {Mε, ε > 0} such that RicMε > 0 for all ε, µ1,0(Mε) is bounded below
by a positive number independent on ε and µ1,1(Mε)→ 0 as ε→ 0.

Note that we do not assume any upper bound on the diameter of the hypersur-
faces in (b). On the other hand, it is proved in [8] that for any convex n-dimensional
hypersurface Mn in Rn+1 (n ≥ 2) of diameter d, one has:

µ1,p(M) ≥ max(1, p)
2e3

1
d2
.

This generalizes the inequality proved for functions by Li and Yau in [10].
We finally apply Theorem 2.3 to Euclidean and spherical domains. Recall that,

for any Euclidean domain, one has the inequality µ1,0(M) < λ1,0(M). The examples
of Section 1 show that there is no a priori order between µ1,p(M) and µ1,p−1(M).
However, we have
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Theorem 2.6. (a) Assume that the Euclidean domain M is p-convex for some
p = 1, . . . , n− 1. Then

µ1,p−1(M) ≤ µ1,p(M) ≤ · · · ≤ µ1,n(M) = λ1,0(M).

(b) If M is actually convex, then the sequence {µ1,p} is nondecreasing with respect
to the degree p:

µ1,0(M) = µ1,1(M) ≤ µ1,2(M) ≤ · · · ≤ µ1,n(M) = λ1,0(M),

and, for all p = 0, . . . , [n/2], one has µ1,p(M) ≤ λ1,p(M).
(c) If M is strictly p-convex (that is, if σp > 0), then µ1,q(M) < µ1,q+1(M) for

all q ≥ p. Hence the inequalities in (a) are strict (starting from µ1,p(M)), and the
inequalities in (b) are strict (starting from µ1,1(M)); in particular, for a strictly
convex domain one has µ1,p(M) < λ1,p(M) for all 0 ≤ p < n/2.

Proof. (a) Note that µ1,n ≥ µ1,n−1 is always true by the Hodge decomposition (0.1)
and (0.2). As a p-convex domain is q-convex for all q ∈ [p, n − 1], it is enough to
show that µ1,p ≥ µ1,p−1. Now, viewing M as a totally geodesic hypersurface of
Rn+1 (so that Tp = Wp = 0) we get, by Theorem 2.3: µ′′1,p ≥ µ′1,p. Hence, by (0.2):

(2.3) µ1,p = µ′1,p = µ′′1,p−1 ≥ µ1,p−1,

and (a) follows. Part (b) is immediate from (a) and the Hodge duality. We prove
(c). As σq ≥ σp for all q ≥ p, it is enough to show that, if p = 1, . . . , n − 1 and
σp > 0, then µ1,p+1 > µ1,p.

Let ω be an eigenform associated to µ′′1,p. We first show that∫
∂M

‖ω‖2 > 0,

that is, ω does not vanish identically on ∂M . Fix a coordinate system (x1, . . . , xn)
on Rn, and let φ = ω( ∂

∂xi1
, . . . , ∂

∂xip
) be any component function of ω which does

not vanish identically on M . Then φ integrates to zero on M because ω is co-closed
(see (4.1) in the proof of Lemma 4.7); if ω is identically zero on ∂M , then φ satisfies:{

∆φ = µ′′1,pφ,

φ|∂M = 0,

and then µ′′1,p ≥ λ1,0. However, as any first Dirichlet eigenfunction does not change
sign, one must actually have µ′′1,p ≥ λ2,0 > λ1,0, and this is impossible because
otherwise:

µ1,p+1 = µ′1,p+1 = µ′′1,p > λ1,0

contradicting part (a) of the theorem. Now, from the proof of Theorem 2.3:

p(µ′′1,p − µ′1,p) ≥ σp
∫
∂M

‖ω‖2 > 0

hence µ′′1,p > µ′1,p and, in turn, µ1,p+1 > µ1,p, as asserted. �
Thus, for convex Euclidean domains, the first eigenvalue for p-forms, with either

the absolute or relative conditions, belongs to the interval [µ1,0, λ1,0]. Combining
this fact with the Payne-Weinberger ([13]) inequality on µ1,0, and using domain
monotonicity for λ1,0 one gets, for all p = 0, . . . , n:

(2.4)
π2

diam(M)2
≤ µ1,p(M) ≤ j2

n

R2
,
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where j2
n is the first Dirichlet eigenvalue of the unit ball in Rn and R is the inner

radius of M . By Hodge duality, (2.4) holds also for λ1,p(M). Note that the following
bound is obtained in [8], by different methods:

(2.5) µ1,p(M) ≥ max{p(n− p), n− 1}
ne3

1
diam(M)2

.

Remark 2.7. Now let M be any Euclidean domain, and M̄ the ball with the same
volume: the classical Weinberger isoperimetric inequality (see [18]) states that
µ1,0(M) ≤ µ1,0(M̄). As µ1,1(M) ≤ µ1,0(M), and µ1,0(M̄) = µ1,1(M̄) (by The-
orem 2.6 applied to balls), we can extend it to 1-forms:

µ1,1(M) ≤ µ1,1(M̄).

For spherical domains, we have the following comparison result, proved in Section
4.2:

Theorem 2.8. Let M be a convex domain of Sn, and Sn+ the hemisphere. Then
(a) For all p = 1, . . . , n one has µ1,p(M)− µ1,p−1(M) ≥ µ1,p(Sn+)− µ1,p−1(Sn+).
(b) For all p = 0, . . . , [n/2] one has λ1,p(M) ≥ µ1,p(M).
(c) The spectrum of the Laplacian on p-forms, for either the absolute or relative

conditions, is bounded below by µ1,0(M), that is, by the first Neumann eigenvalue
of the Laplacian on functions. More precisely:

µ1,p(M)− µ1,0(M) ≥ µ1,p(Sn+)− µ1,0(Sn+)

=


0 if p = 1, n,

(p− 1)(n− p) if 2 ≤ p ≤ [n/2],

p(n− p− 1) if 1 + [n/2] ≤ p ≤ n− 1.

Note that, unlike convex Euclidean domains, the sequence {µ1,p}p=0,...,n may be
decreasing at some p: the p-gap of the hemisphere is nonnegative for p ≤ [n/2], and
nonpositive otherwise (see (4.13)). However, convex domains in Rn and Sn do share
the following features: they have no 1-gap (i.e., µ1,1 = µ1,0), their Hodge spectrum
is bounded below by µ1,0, and, up to p = [n/2], their absolute first eigenvalues are
not greater than the relative ones (Corollary 4.5 in Section 4.1 shows that this is
not true in general).

Finally, we give a rough idea of the proof of the main inequality (Theorem
2.1). We consider, on the immersed manifold Mn, the family of all vector fields
which are the orthogonal projection of unit parallel vector fields on the ambient
Euclidean space Rd. Note that this family is naturally parametrized by Sd−1.
Contracting the given p-form ω with any such field V will reduce the degree by one
and, with the given conditions on ω, will produce a test form iV ω for the eigenvalue
µ′′1,p−1(M) = µ′1,p(M). By the min-max principle, we obtain a family of inequalities
indexed by Sd−1; integrating these inequalities on Sd−1 one gets Theorem 2.1.

3. A lower bound for the Hodge eigenvalues

We give a lower bound of µ1,p(M) when M is a Riemannian manifold with p-
convex (in particular, convex) boundary. We refer to [6] for estimates of the Hodge
eigenvalues, valid also for manifolds with boundary.

We derive the lower bound by integrating the Bochner formula applied to an
eigenform associated to µ1,p(M) (which is a classical procedure). However, as
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∂M 6= ∅, the term
∫
M

∆‖ω‖2 does not integrate to zero, and we wish to lower bound
it by the principal curvatures, i.e., by σp and

∫
M ‖ω‖

2. Using Green’s formula and
the boundary conditions satisfied by the eigenform, one sees that the problem boils
down to giving a lower bound of the ratio:∫

∂M
‖ω‖2∫

M
‖ω‖2 .

The main result of this section approaches this problem for any nonnegative function
satisfying a suitable Laplacian condition. It is given in terms of a geometric constant
A (see Definition 4.11 in Section 4.3) which depends on a lower bound (n− 1)K of
the Ricci curvature of M , a lower bound H of the mean curvature of ∂M , and the
inner radius R of M . Under any of the following two conditions:

(3.1) K ≥ 0, or K < 0 and H ≥
√
|K|

one can simply take A = (n− 1)H . Then:

Theorem 3.1. Let M be a Riemannian manifold with smooth boundary, and as-
sume that the nonnegative function φ satisfies ∆φ ≤ µφ on M , for some µ ∈ R.
Fix any t ∈ (0, π2R ). Then, if µ ≤ A2

4 + t2, one has:∫
∂M

φ ≥
[
A

2
+ t cot(Rt)

]
·
∫
M

φ.

The proof (given in Section 4.3) uses the distance function ρ from the boundary
of the manifold, and the so-called “mean-value lemma” (see [15]). In fact, any
constant A such that the inequality ∆ρ ≥ A holds (in the sense of distributions on
M) will work.

The following corollary shows that Theorem 3.1 implies some well-known sharp
lower bounds for the first Dirichlet eigenvalue λ1,0(M).

Corollary 3.2. Let M be a Riemannian manifold with smooth boundary satisfying
one of the conditions in (3.1). If H ≥ 0, then:

λ1,0(M) ≥ 1
4

(n− 1)2H2 +
π2

4R2
.

The corollary follows immediately by applying Theorem 3.1 to a first positive
Dirichlet eigenfunction φ, and by letting t tend to π/(2R).

The bound is sharp in the following two cases. First, if M = BnR is a geodesic
ball in Hn, then H = cothR > 1 =

√
|K| for all R; hence:

λ1,0(BnR) ≥ 1
4

(n− 1)2 coth2R+
π2

4R2

>
1
4

(n− 1)2,

which is well known, and is sharp as R → ∞ by a result of McKean [12]. If
K = H = 0, the bound becomes

λ1,0(M) ≥ π2

4R2
,

which is originally due to Li and Yau [10], and is sharp for flat cylinders, that is,
for any manifold which is the Riemannian Cartesian product of a closed manifold
and the interval [0, 2R].
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Applying Theorem 3.1 to the square of the norm of an eigenform, one gets the
desired lower bound for the Hodge eigenvalues. Recall the definition (0.5) of the
constant σp as a lower bound of the p-curvatures of ∂M (note that σp ≥ pσ1 where
σ1 is a lower bound of the principal curvatures of ∂M).

Theorem 3.3. Let M be a Riemannian manifold with smooth boundary, with cur-
vature operator bounded below by γ ∈ R, and p-curvatures of ∂M bounded below by
σp ≥ 0.

(a) For all t ∈ (0, π2R ), and p = 1, . . . , n− 1:

µ1,p(M) ≥ γp(n− p) + min{A
2

8
+
t2

2
, σp(

A

2
+ t cot(Rt))},

where the constant A has been defined in (4.18).
(b) If M satisfies one of the conditions in (3.1), then

µ1,p(M) > γp(n− p) +
n− 1
2p2

min{n− 1
4

, p} · σ2
p.

In particular,

λ1,1(M) > (n− 1)K +
(n− 1)2

8
H2.

Proof. (a) Let ω be an eigenform associated to µ1,p(M) having unit L2-norm. We
apply Bochner’s formula (0.4) to ω: replacing the energy term by zero, and recalling
that the curvature term 〈Wp(ω), ω〉 is bounded below by γp(n− p)‖ω‖2, one gets:

(3.2) ∆(‖ω‖2) ≤ µ‖ω‖2,

with µ = 2µ1,p(M)− 2γp(n− p). We now apply Theorem 3.1 to φ = ‖ω‖2. Then,
for any t ∈ (0, π2R ), either µ > A2

4 + t2, that is,

(3.3) µ1,p(M) > γp(n− p) +
A2

8
+
t2

2
,

or else ∫
∂M

‖ω‖2 ≥ A

2
+ t cot(Rt).

If the second alternative holds, then integrating (3.2) over M and using Lemma
4.10 in Section 4.2 one gets:

µ ≥
∫
M

∆(‖ω‖2) ≥ 2σp
∫
∂M

‖ω‖2 ≥ 2σp
[A

2
+ t cot(Rt)

]
,

that is,

µ1,p(M) ≥ γp(n− p) + σp
(A

2
+ t cot(Rt)

)
,

which, together with (3.3), implies (a).
(b) We can take A = (n − 1)H . We ignore the term in t (depending on the

inner radius) in the lower bound of part a) and observe that, by the definition of
σp as the sum of the lowest p principal curvatures, one has H ≥ σp/p. The second
formula follows because, for p = 1, n− 1, the curvature term in Bochner’s formula
is just the Ricci curvature of M . �
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Remark 3.4. For a p-convex Euclidean domain one has in particular:

(3.4) µ1,p(M) >
1
8
σ2
p.

and, if the mean curvature of ∂M is positive:

λ1,1(M) ≥ (n− 1)2

8
H2.

In some cases, (3.4) is better than the bounds (2.4) and (2.5), valid for convex
domains and of type µ1,p(M) ≥ const/diam(M)2. To see that consider, in R3,
a thin cigar, that is, the domain Mε bounded by a cylinder of unit length and
small radius ε > 0, at the ends of which we glue two hemispheres of radius ε. The
boundary of Mε can be smoothened so that, as ε tends to zero, the mean curvature,
hence σ2(∂Mε), tends to ∞; by (3.4), one then has

(3.5) lim
ε→0

µ1,2(Mε) =∞.

On the other hand, the diameter of Mε is always bounded below by 1. Actually,
taking the cylindrical part of length 1/ε, one sees that (3.5) still holds and yet the
diameter can be arbitrarily large.

We finally observe that in the case of negative curvature Theorem 3.3 sometimes
gives a positive lower bound of λ1,p(M) which is independent of the inner radius
(in particular, independent of the diameter). This is in contrast with the Euclidean
space, where (2.4) shows that convex domains with large inner radius have small
first Hodge eigenvalues.

It is well known that, for any domain M in the hyperbolic space Hn,

(3.6) λ1,0(M) >
(n− 1)2

4
,

thus giving a lower bound independent of the inner radius of M : (3.6) is true for
geodesic balls (see Corollary 3.2 for another proof) and extends to any domain by
the monotonicity of λ1,0.

Such phenomenon cannot possibly hold for eigenvalues of p-forms (p ≥ 1) on
arbitrary hyperbolic domains. In fact, the Euclidean domains Ωn−p,u (p ≥ 2)
considered in Theorem 4.1 below, which are parametrized by u ∈ (0, 1

10 ), have
diameter bounded above by 2, and have their λ1,p tending to zero as u → 0.
Moreover, as λ′′1,2(Ωn−2,u) is bounded below by a positive constant independent of u,
λ1,1(Ωn−2,u) tends to zero with u. These domains are quasi-isometric to hyperbolic
domains, say Ω̃n−p,u, Ω̃n−2,u (with fixed constants because their diameters are
bounded independently of u). By Proposition 3.3 of [3], the latter domains in Hn
have the same small eigenvalues as the Euclidean ones.

Corollary 3.5 below does generalize (3.6) to p-forms, provided that M is in the
class of (convex) hyperbolic domains whose principal curvatures are bounded below
by 1 (geodesic balls of arbitrary radius belong to that class) and that p is not too
far away from zero (p ≤ (n− 2)/8 will be enough).

Corollary 3.5. Assume that the manifold Mn has curvature operator bounded
below by γ < 0, and that σn−p ≥ (n − p)

√
|γ|. If n ≥ np := 4p + 2 +

√
8p2 + 8p,

then:
λ1,p(Mn) >

[1
8

(n− 1)2 − p(n− p)
]
· |γ| ≥ cp(n− 1)2 · |γ|,

where cp = 1
8 − p

np−p
(np−1)2 is positive and depends only on p.
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In particular, if the Ricci curvature of M is bounded below by (n − 1)K, with
K < 0, and the mean curvature of its boundary is bounded below by

√
|K|, then,

for all dimensions n ≥ 10, one has

λ1,1(M) >
1
72

(n− 1)2 · |K|.

Remark 3.6. The boundary curvature condition is certainly satisfied if ∂M is con-
vex, with principal curvatures bounded below by

√
|γ|.

Note also the asymptotic lower bound λ1,p ≥ 1
8n

2|γ| as n tends to ∞; that is,
given ε > 0 and a positive integer p there exists n(ε, p) such that

λ1,p(Mn)
n2

> (
1
8
− ε)|γ|

holds for all manifolds satisfying the assumptions of the corollary and having di-
mension n ≥ n(ε, p).

Remark 3.7. The dimensional restriction n ≥ np is probably not sharp; however, it
is somewhat justified by the fact that, for all n (see [1], Theorem II.5, p. 46),

lim
R→∞

λ1,n(BnR) = lim
R→∞

µ1,0(BnR) = 0,

where BnR denotes the geodesic ball of radius R in Hn.

This fact shows that Corollary 3.5 cannot hold for all n and p.

Proof of the corollary. First, let us observe that M satisfies the conditions in (3.1).
In fact, if K < 0, one has |γ| ≥ |K| because γ ≤ K; hence

H ≥ σn−p/(n− p) ≥ |γ| ≥ |K|.

We now apply Theorem 3.3 (b); if n ≥ np then in particular (n− 1)/4 ≤ n− p and

λ1,p(M) = µ1,n−p(M)

>
[
− p(n− p) +

n− 1
2
·min{n− 1

4
, n− p}

]
· |γ|

=
[
− p(n− p) +

1
8

(n− 1)2
]
· |γ|.

One easily checks that the right-hand side is positive for all n ≥ np. Then

λ1,p(M) > (n− 1)2

[
1
8
− p n− p

(n− 1)2

]
|γ|

≥ (n− 1)2

[
1
8
− p np − p

(np − 1)2

]
|γ|

= cp(n− 1)2|γ|.

�

4. Proofs of the main theorems

4.1. Proof of Theorem 1.1. We start by restating Theorem 2.1 of [9]. In what
follows, u is a real parameter in (0, 1

10 ) and c1, c2, . . . are positive constants not
depending on u.
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e2

Cross-section of TS1

Cross-section of B2
u

e1

S1

e3

Figure 1. Cross-section of Ω1,u ⊂ R3 with a plane containing e3.

Theorem 4.1. Let n ≥ 2 and p = 0, . . . , n − 2. There exists a family Ωp,u of
domains of Rn, diffeomorphic to balls, of diameter bounded above by 2, such that

lim
u→0

µ′′1,p(Ωp,u) = 0 and µ′′1,q(Ωp,u) ≥ c1 for all u ∈ (0,
1
10

) and p 6= q.

The domains Ωp,u generalize the classical Cheeger’s dumbbell balls (made of
two Euclidean balls linked together by a cylinder of small radius). They consist
of a “thick” part, independent of u, and a “thin” part which will collapse to a
(p+ 1)-dimensional ball as u→ 0. Let us see their construction in detail.

Fix u ∈ (0, 1
10 ), and split Rn = Rp+1×Rn−p−1. Let Sp the unit sphere in Rp+1

(centered at the origin). Define:

TSp := thick part of Ωp,u
= 1/2-tubular neighborhood of Sp in Rn

and
Bp+1
u := thin part of Ωp,u

= u-tubular neighborhood of Bp+1(
1
2

) ⊆ Rp+1 in Rn.

Note that Bp+1(1
2 ) is the “central hole” of TSp.

To get Ωp,u, we now smoothly glue the thick part and the thin part together,
along a 2u-tubular neighborhood of Sp(1

2 ) = ∂Bp+1(1
2 ) ⊆ ∂TSp.

Clearly, the resulting domain is diffeomorphic to a ball for all u; as u → 0, it
collapses to the singular manifold TSp#Bp+1(1

2 ) (glued along Sp(1
2 )).

When p = 1 and n = 3, the thick part is a full immersed torus in R3 of radii
1, 1/2, and the thin part is a u-tubular neighborhood of the 2-disk of radius 1/2.
Here is a cross-section of Ω1,u (Figure 1); the full domain Ω1,u is obtained by
rotation of it around the axis e3.

The small eigenvalue of Theorem 4.1 comes from a harmonic p-form on Sp.
Now let M be a manifold with boundary. For p = 0, . . . , n−2 and u ∈ (0, 1

10 ), we
construct the following family of Riemannian manifolds M # Ω′p,u, diffeomorphic to
M , which will be used in the proof of the theorem: the metrics there will be those
of M # Ω′p,u for a suitable p and for u sufficiently small.
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2r0

M

l0

Figure 2. Metric with a “bump” on M .

2u

Ω′p,u
(M, g)

Figure 3. Covering of M # Ω′p,u.

Let r0, l0 be two fixed, positive real numbers (r0 < l0/10), small enough to
guarantee that the constructions below make sense. First, we smoothly glue, in
a neighborhood of a point m ∈ ∂M , the manifold M with the Euclidean cylinder
C(r0, l0) := Bn−1(r0) × [0, l0] of radius r0 and length r0, suitably smoothened so
that we obtain a smooth bump near m; see Figure 2.

As the resulting manifold is diffeomorphic to the original one, we can assume
from the start that the metric g on M has the desired bump.

Next, we glue another copy of the cylinder C(r0, l0) with Ωp,u in a neighborhood
of its thick part, and obtain the Euclidean domain Ω′p,u.

Remark 4.2. As Ω′p,u is quasi-isometric to Ωp,u with quasi-isometry constants in-
dependent of u, the spectral properties of Theorem 4.1, valid for Ωp,u, continue to
hold for Ω′p,u thanks to [3], Prop. 3.3.

Finally, we glue (M, g) with Ω′p,u by identifying the final halves Bn−1(r0) ×
[l0/2, l0] of the respective cylindrical bumps (note that the metrics are the same on
the identified parts).

We denote the resulting Riemannian manifold with boundary by M # Ω′p,u: it
has a Euclidean cylindrical handle of length 3l0/2 and radius r0. Moreover, it comes
with a natural covering {U1

u, U
2}, where U1

u = Ω′p,u and U2 = (M, g). Note that
U1
u ∩U2 is basically a Euclidean cylinder of radius r0 and length l0/2; as such, it is

diffeomorphic to a ball in Rn, and has volume bounded below independently of u.
See Figure 3. Clearly M # Ω′p,u is diffeomorphic to M for all u ∈ (0, 1

10 ).
The following lemma shows that the manifolds M # Ω′p,u and Ωp,u have similar

spectral properties.

Lemma 4.3. Let p, q ∈ {0, . . . , n− 2}. The manifolds M#Ω′p,u satisfy:
a) limu→0 µ1,p(M#Ω′p,u) = 0.
b) If q ≥ 1 and q 6= p, then µ′′1,q(M#Ω′p,u) ≥ c2 for all u.
c) If p 6= 0, then µ1,0(M#Ω′p,u) ≥ c3 for all u.
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Proof. a) Let bp(M) be the pth Betti number of the absolute cohomology of M
(hence of M # Ω′p,u). For u small, we construct an orthonormal family of bp(M)+1
test p-forms on M # Ω′p,u whose Rayleigh quotient tends to zero with u. The
assertion will then follow from the min-max principle.

We consider the Riemannian manifold M # T ′Sp, glued as before from (M, g)
and the thick part TSp of Ωp,u along a common cylinder C(r0, l0). Note that
M # Ω′p,u is obtained by gluing M # T ′Sp with the thin part Bp+1

u near the
p-sphere ∂Bp+1(1

2 ). An application of the Mayer-Vietoris sequence shows that
M # T ′Sp has bp(M) + 1 harmonic p-forms for the absolute boundary condition.
Fix u > 0 and small. We extend these harmonic forms by zero to the thin part
Bp+1
u , by using smooth cut-off functions which are constant outside a 2u-tubular

neighborhood Wu of ∂Bp+1(1
2 ). By a Gram-Schmidt procedure, we thus obtain an

orthonormal family of bp(M) + 1 test p-forms on M # Ω′p,u, which are harmonic
outside Wu. Let u→ 0; as Wu retracts to the p-sphere ∂Bp+1(1

2 ), which is of zero
capacity because it has codimension at least 2 in the manifold (recall that p ≤ n−2
by assumption), the Rayleigh quotient of any of these forms tends to zero with u,
as asserted.

b) We cover the manifold M # Ω′p,u by {U1
u, U

2}, where U1
u = Ω′p,u, U2 = (M, g).

By the McGowan lemma ([11], Lemma 2.3, and [7], Lemma 1), as U1
u ∩U2 does not

depend on u and is diffeomorphic to a ball in Rn, one has:

µ′′1,q(M # Ω′p,u) ≥ c4 ·
[

1
µ′′1,q(Ω′p,u)

+
1

µ′′1,q(M, g)

]−1

·
[
c5 +

c6
µ′′1,q(U1

u ∩ U2)

]−1

for positive constants ci independent of u. By Remark 4.2 and Theorem 4.1,
µ′′1,q(Ω

′
p,u) is bounded below by a constant independent of u, and the assertion

follows.
c) We will assume that there exists a sequence um → 0 such that

lim
m→∞

µ1,0(M # Ω′p,um) = 0

and get a contradiction.
We cover the manifold M # Ω′p,u by {U1

u, U
2}, where U1

u = Ω′p,u, U
2 = (M, g) as

before. For all m ∈ N we choose an eigenfunction fm for the eigenvalue µ1,0 of unit
L2-norm, and let f1,m (resp. f2,m) be the restriction of fm to Ω′p,um (resp. (M, g)).
If a1,m is the mean value of f1,m on Ω′p,um , one has, by the min-max principle:

µ1,0(Ω′p,um)
∫

Ω′p,um

|f1,m − a1,m|2 ≤
∫

Ω′p,um

‖df1,m‖2

≤
∫
M # Ω′p,um

‖dfm‖2.

But µ1,0(Ω′p,um) ≥ c7 for all m by Remark 4.2 and Theorem 4.1, while the last
integral tends to zero as m→∞ by assumption. Therefore,

lim
m→∞

∫
Ω′p,um

|f1,m − a1,m|2 = 0.
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Similarly, if a2,m is the mean value of f2,m on U2 = (M, g), one has

lim
m→∞

∫
(M,g)

|f2,m − a1,m|2 = 0.

By the triangle inequality

|a1,m − a2,m| · vol (U1
um ∩ U

2)1/2

≤
{∫

U1
um
∩U2
|f1,m − a1,m|2

}1/2

+
{∫

U1
um
∩U2
|f2,m − a2,m|2

}1/2

≤
{∫

Ω′p,um

|f1,m − a1,m|2
}1/2

+
{∫

(M,g)

|f2,m − a2,m|2
}1/2

.

As m → ∞, the right-hand side tends to zero; on the other hand, vol (U1
um ∩ U2)

does not depend on m. Hence |a1,m − a2,m| tends to zero, which implies that also
‖fm−a1,m‖L2 tends to zero. As all functions fm have unit L2-norm, this contradicts
their orthogonality to constant functions. The proof is complete. �

We can now give the proof of Theorem 1.1.

Proof of Theorem 1.1. (1) Fix p=0, . . . , n−3 and consider the manifoldM#Ω′p+1,u.
By Lemma 4.3 a), µ1,p+1 tends to zero with u. We prove that µ1,p ≥ c8 for all u.
This is immediately true if p = 0 by Lemma 4.3 c); if p ≥ 1, by Lemma 4.3 b), both
µ′1,p = µ′′1,p−1 and µ′′1,p are bounded below by a constant for all u, hence so is µ1,p.
Hence the desired metric gp is that of M#Ω′p+1,u for u sufficiently small.

(2) Fix p = 1, . . . , n − 1 and consider the manifold M#Ω′p−1,u. For all u both
µ′1,p+1 = µ′′1,p and µ′′1,p+1 are bounded below by a constant; then so is µ1,p+1. We
show that

lim
u→0

µ1,p = 0,

so that the metric g′p is that of M#Ω′p−1,u for u sufficiently small. As µ1,1 ≤ µ1,0,
which tends to zero by Lemma 4.3 a), the above is true for p = 1. Let p =
2, . . . , n − 1. Note that µ′1,p−1 = µ′′1,p is bounded below by a constant by Lemma
4.3 b), and µ1,p−1 tends to zero. Hence µ′′1,p−1 = µ1,p−1 tends to zero, and so does
µ′1,p and, a fortiori, µ1,p.

(3) Fix p = 0, . . . , n− 2 and consider M#Ω′p,u. We show that, for small u:

µ1,p(M#Ω′p,u) = µ1,p+1(M#Ω′p,u).

First, observe that µ1,p tends to zero. Let u be small. If p = 0, one has µ1,1 = µ1,0

because µ′′1,1 is bounded below by a constant. If p = 1, . . . , n − 2, then by Lemma
4.3 b) both µ′1,p = µ′′1,p−1 and µ′′1,p+1 are bounded below by a constant. Hence
µ1,p = µ′′1,p = µ′1,p+1 = µ1,p+1 and the proof is complete. �

The proof for Euclidean and spherical metrics. Assume that we start from a Eu-
clidean domain M ; then it is clear that the metric of M#Ω′p,u can be made Eu-
clidean. If M is a domain in Sn, let s be the stereographic projection from a point
x0 outside M . As the diameter of Ωp,u is always bounded above by 2 (hence, using
homotheties, can be assumed as small as necessary), we can find x0 and ε > 0 so
that none of the spherical domains s−1(s(M)#Ω′p,u) will intersect the ball of radius
ε around x0. As the projection s, restricted to the complement of that ball, is a
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quasi-isometry with fixed constants, Lemma 4.3 continues to hold for the Riemann-
ian manifolds s−1(s(M)#Ω′p,u) (all diffeomorphic to M and with spherical metric),
and we carry on the proof of Theorem 1.1 as before. �

We give two more consequences of Theorem 4.1 and Lemma 4.3.

Corollary 4.4. Let M be a compact manifold with smooth boundary, and p =
1, . . . , n− 2. Then there exist metrics hp, h′ on M such that:

a) µ1,0(M,hp) > µ1,p(M,hp).
b) µ1,0(M,h′) < µ1,p(M,h′) for all p 6= 1.

Proof. Just take, for u sufficiently small, (M,hp) = M # Ω′p,u and (M,h′) =
M # Ω′0,u and proceed as before. �

Corollary 4.5. Let n ≥ 4 and 0 < p < n/2. Then there exist domains in Rn (and
also in Sn) such that µ1,p > λ1,p.

Remark 4.6. The assertion cannot be true for p = 0, n/2. In fact, it is well known
that, for all Euclidean domains, µ1,0 < λ1,0, and for all manifolds, µ1,n/2 = λ1,n/2

when n is even, by Hodge duality. The case n = 3, p = 1 is open.

In the next section we prove that, for convex Euclidean or spherical domains,
µ1,p ≤ λ1,p for 0 ≤ p ≤ n/2 and n ≥ 3.

Proof of Corollary 4.5. Euclidean domains. First case: 0 < p < n−1
2 . As n−p−1 ≤

n− 2, we can take Ω = Ωn−p−1,u for u small. In fact, µ′′1,n−p−1 → 0, which implies
λ′′1,p → 0 hence λ1,p → 0. As p < n−1

2 , both µ′1,p = µ′′1,p−1 and µ′′1,p are bounded
below by a constant independent of u.

Second case: n ≥ 5 odd, p = n−1
2 . We can take Ω = Ωn+1

2 ,u for u small
(n+1

2 ≤ n − 2 because n ≥ 5). In fact, µ′′
1,n+1

2
→ 0 implies λ1,n−1

2
→ 0. One

verifies immediately that both µ′
1,n−1

2
= µ′′

1,n−3
2

and µ′′
1,n−1

2
are bounded below by

a constant.
Spherical domains: apply the stereographic projection to Theorem 4.1 and pro-

ceed as in the Euclidean case. �

4.2. Proofs of Theorems 2.1, 2.3 and 2.8.

Proof of Theorem 2.1. Let Mn → Rd be an isometric immersion and ω a co-closed
p-form on M , with p = 1, . . . , n. If ∂M 6= ∅, we assume in addition that ω is
tangential on ∂M , that is, it vanishes whenever one of its arguments is a vector
normal to the boundary. We have to prove that∫

M

{‖∇ω‖2 + 〈Tp(ω), ω〉+ (p− 1)‖dω‖2} ≥ pµ′1,p(M)
∫
M

‖ω‖2.

We consider the family of all vector fields on Rd which are parallel and have
(constant) unit norm; this family is naturally identified with Sd−1, and its typical
element will be denoted by V̄ . At any point of M , we can split:

V̄ = V + V ⊥,

where V ∈ TM is the orthogonal projection of V̄ onto TM and V ⊥ ∈ TM⊥. Hence
any element V̄ ∈ Sd−1 will give rise to a vector field V on M . We contract a given
p-form ω on M with such vector fields and obtain the following lemma.
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Lemma 4.7. Let ω ∈ Λp(M), p = 1, . . . , n, be a co-closed form such that iν̃ω = 0
on ∂M , where ν̃ is the inner unit normal of ∂M . Then, for all V̄ ∈ Sd−1,

µ′1,p(M)
∫
M

‖iV ω‖2 ≤
∫
M

‖diV ω‖2.

We wish to integrate the inequalities of Lemma 4.7 with respect to V̄ ∈ Sd−1

and the canonical measure of Sd−1, which we denote by dV̄ . To that purpose, the
following calculation holds.

Lemma 4.8. Let ω ∈ Λp(M) with p = 1, . . . , n. Then, at all points of M ,∫
Sd−1

‖iV ω‖2dV̄ = cdp‖ω‖2,∫
Sd−1

‖diV ω‖2dV̄ = cd{‖∇ω‖2 + 〈Tp(ω), ω〉+ (p− 1)‖dω‖2},

where cd = |Sd−1|
d .

The theorem will follow by integrating the inequalities of Lemma 4.7 with respect
to V̄ ∈ Sd−1 and by using Lemma 4.8. It then remains to prove the two lemmas.

Proof of Lemma 4.7. We use the min-max principle. First observe that, for any
V̄ ∈ Sd−1, the vector field V on M is a gradient; precisely: V = ∇fV where
fV is the restriction to M of the linear function on Rd given by the distance
from any hyperplane orthogonal to V̄ . If ω ∈ Λp(M) and f ∈ C∞(M), one has
δ(fω) = −i∇fω + fδω, which shows that, if ω is co-closed, then iV ω = −δ(fV ω) is
co-exact. Now assume that M has nonempty boundary. If p ≥ 2 and ω is tangential,
then so is iV ω. Hence, for all V̄ ∈ Sn−1, iV ω is a tangential, co-exact (p− 1)-form.
As the test forms for the absolute eigenvalue problem need only satisfy iν̃ω = 0
(which is our case), we can apply the min-max principle to iV ω. Then:

µ′′1,p−1(M)
∫
M

‖iV ω‖2 ≤
∫
M

‖diV ω‖2,

and the lemma follows because, by the Hodge decomposition, µ′′1,p−1(M) = µ′1,p(M).
If p = 1 then iV ω is a function; since

(4.1)
∫
M

iV ω = −
∫
M

δ(fV ω) = −
∫
∂M

fV ω(ν̃) = 0,

iV ω will be a test function for the Neumann problem. As µ1,0(M) = µ′1,1(M), the
assertion is true also for p = 1. �

In what follows, all calculations hold at an arbitrary fixed point x ∈ M . We
fix, around x, a local orthonormal frame (e1, . . . , en) of TM which is geodesic at x:
∇eiej(x) = 0 for all i, j = 1, . . . , n, and a local orthonormal frame (ν1, . . . , νm) of
TM⊥. Then we can write V =

∑n
i=1〈V̄ , ei〉ei and V ⊥ =

∑m
α=1〈V̄ , να〉να. Before

proving Lemma 4.8, we observe the following well-known fact. In what follows,
cd = |Sd−1|

d .

Lemma 4.9. (a) If X̄, Ȳ ∈ TxRd, then
∫
Sd−1〈V̄ , X̄〉〈V̄ , Ȳ 〉dV̄ = cd〈X̄, Ȳ 〉.

(b) If ω, φ ∈ Λp(M), then, at any point of M one has
∫
Sd−1〈iV ω, iV φ〉dV̄ =

cdp〈ω, φ〉.
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Proof of Lemma 4.9. To prove (a) just fix a coordinate system and compute. (b)
follows from (a) and the definition of inner product of forms. �

Proof of Lemma 4.8. The first equality is an immediate consequence of Lemma 4.9.
To prove the second, we consider the Lie derivative LV ω of the p-form ω along the
vector field V , and recall that LV ω = diV ω + iV dω. Hence:

(4.2) ‖diV ω‖2 = ‖LV ω‖2 + ‖iV dω‖2 − 2〈iV dω, LV ω〉.

Lemma 4.8 will follow from (4.2) and the following identities, which are valid point-
wise on M :
Fact 1.

∫
Sd−1 ‖LV ω‖2 dV̄ = cd{‖∇ω‖2 + 〈Tp(ω), ω〉}.

Fact 2.
∫
Sd−1 ‖iV dω‖2dV̄ = cd(p+ 1)‖dω‖2.

Fact 3.
∫
Sd−1〈iV dω, LV ω〉 dV̄ = cd‖dω‖2.

Proof. Fact 1: Let ω ∈ Λp(M). We first prove that, at x ∈M ,

(4.3) LV ω = ∇V ω + SV ⊥(ω).

In fact, recalling that V̄ is parallel on Rd one sees that, at x, for all i = 1, . . . , n,

∇eiV = SV ⊥(ei).

Hence [V, ei] = −SV ⊥(ei). Now it is sufficient to verify (4.3) on p vectors of the
frame, say ei1 , . . . , eip . Then:

LV ω(ei1 , . . . , eip) = V · ω(ei1 , . . . , eip)−
p∑
j=1

ω(ei1 , . . . , [V, eij ], . . . , eip)

= ∇V ω(ei1 , . . . , eip) +
p∑
j=1

ω(ei1 , . . . , SV ⊥(eij ), . . . , eip)

= ∇V ω(ei1 , . . . , eip) + SV ⊥(ω)(ei1 , . . . , eip)

and (4.3) follows. We can now prove Fact 1. From (4.3):
(4.4)∫

Sd−1
‖LV ω‖2 dV̄ =

∫
Sd−1

‖∇V ω‖2 +
∫

Sd−1
‖SV ⊥(ω)‖2 +2

∫
Sd−1
〈∇V ω, SV ⊥(ω)〉 dV̄ .

Now, from Lemma 4.9, part (a):

(4.5)

∫
Sd−1

‖∇V ω‖2 dV̄ =
n∑

i,j=1

∫
Sd−1
〈V̄ , ei〉〈V̄ , ej〉dV̄ · 〈∇eiω,∇ejω〉

= cd‖∇ω‖2.

Let (ν1, . . . , νm) be a local orthonormal frame in TM⊥. Then V ⊥ =
∑m

α=1〈V̄ , να〉να
and

(4.6)

∫
Sd−1

‖SV ⊥(ω)‖2dV̄ =
m∑

α,β=1

∫
Sd−1
〈V̄ , να〉〈V̄ , νβ〉dV̄ · 〈Sνα(ω), Sνβ (ω)〉

= cd

m∑
α=1

‖Sνα(ω)‖2

= cd〈Tp(ω), ω〉.
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Again from Lemma 4.9, since V and V ⊥ are mutually orthogonal,

(4.7)
∫

Sd−1
〈∇V ω, SV ⊥(ω)〉 dV̄ = 0.

From (4.4)–(4.7) one gets Fact 1.
Fact 2: Immediate from Lemma 4.9.
Fact 3: Since V and V ⊥ are mutually orthogonal, one sees that∫

Sd−1
〈iV dω, SV ⊥(ω)〉 dV̄ = 0.

Hence, by (4.3),∫
Sd−1
〈iV dω, LV ω〉 dV̄ =

∫
Sd−1
〈iV dω,∇V ω〉 dV̄

=
n∑

i,j=1

∫
Sd−1
〈V̄ , ei〉〈V̄ , ej〉dV̄ · 〈ieidω,∇ejω〉

= cd

n∑
i=1

〈ieidω,∇eiω〉

=
cd
p!

n∑
i0,...,ip=1

dω(ei0 , . . . , eip)∇ei0ω(ei1 , . . . , eip).

It remains to show that

(4.8)
n∑

i0,...,ip=1

dω(ei0 , . . . , eip)∇ei0ω(ei1 , . . . , eip) = p!‖dω‖2.

Let Γ denote the left-hand side of (4.8). Then, for all j = 0, . . . , p one has, exchang-
ing i0 with ij in the arguments of dω and renaming the indices,

Γ = (−1)j
n∑

i0,...,ip=1

dω(ei0 , . . . , eip)∇eij ω(ei0 , . . . , êij , . . . , eip),

so that

(p+ 1)Γ =
n∑

i0,...,ip=1

dω(ei0 , . . . , eip)
( p∑
j=0

(−1)j∇eij ω(ei0 , . . . , êij , . . . , eip)
)

=
n∑

i0,...,ip=1

(
dω(ei0 , . . . , eip))2

= (p+ 1)!‖dω‖2

and (4.8) follows. �

It remains to prove the assertion on sharpness in Theorem 2.1. If M = Sn →
Rn+1 is the standard immersion, and if ω is an eigenform associated to µ′′1,p(S

n),
then we must have equality in Theorem 2.1 simply because we have equality in
Theorem 2.3 (which is a consequence of Theorem 2.1; see its proof below).

One can also prove directly that, for all fields V considered in the proof, iV ω is
an eigenform associated to µ′′1,p(S

n) − n + 2p, which coincides with µ′′1,p−1(Sn) by
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(4.9) below. Hence, in the min-max principle of Lemma 4.7 one has the equality
for all V , and this implies the equality in the final formula. �

Next, we prove a useful lemma. Let M be any Riemannian manifold with bound-
ary, and let S̃ be the shape operator of the immersion of ∂M into M , relative to
the inner unit normal ν̃ of ∂M (hence S̃(X) = −∇X ν̃ for all X ∈ T (∂M)). By
derivation, we extend S̃ to a field of endomorphisms of Λp(∂M), p = 1, . . . , n− 1,
denoted by S̃p. Note that the eigenvalues of S̃p are the p-curvatures of ∂M ; hence
all these eigenvalues are bounded below by σp.

Lemma 4.10. (a) Let M be any Riemannian manifold with boundary, and assume
that ω ∈ Λp(M) satisfies the absolute conditions on ∂M . If ν̃ is the inner unit
normal to ∂M , then, at any point of the boundary,

〈∇ν̃ω, ω〉 = 〈S̃p(J∗ω), J∗ω〉,
where J∗ω is the restriction of ω to ∂M .

(b) Let σp be a lower bound of the p-curvatures of ∂M . Then∫
M

∆(‖ω‖2) ≥ 2σp
∫
∂M

‖ω‖2.

Proof. (a) Take a local orthonormal frame (e1, . . . , en−1) of T (∂M) which is geo-
desic at the given point y ∈ ∂M . Since iν̃ω = 0, one has, at y:

〈∇ν̃ω, ω〉 =
∑

i1<···<ip

∇ν̃ω(ei1 , . . . , eip)ω(ei1 , . . . , eip).

Expliciting the condition iν̃dω(ei1 , . . . , eip) = 0 at y, we get

∇ν̃ω(ei1 , . . . , eip) = −
p∑
j=1

(−1)j∇eij ω(ν̃, ei1 , . . . , êij , . . . , eip)

= −
p∑
j=1

(−1)jω(∇eij ν̃, ei1 , . . . , êij , . . . , eip)

=
p∑
j=1

(−1)jω(S̃(eij ), ei1 , . . . , êij , . . . , eip)

= S̃p(J∗ω)(ei1 , . . . , eip)

and (a) follows. As the eigenvalues of S̃p are bounded below by σp, one has on ∂M :

∂

∂ν̃
‖ω‖2 = 2〈∇ν̃ω, ω〉 ≥ 2σp‖J∗ω‖2 = 2σp‖ω‖2

because iν̃ω = 0. Part (b) now follows from Green’s formula. �

Now, we write explicitly the first Hodge eigenvalues of spheres and hemispheres.
By the calculation in [5],

(4.9)

{
µ′1,p(S

n) = p(n− p+ 1) for p = 1, . . . , n,

µ′′1,p(S
n) = (p+ 1)(n− p) for p = 0, . . . , n− 1,

hence, for p = 1, . . . , n− 1,

(4.10) µ′′1,p(S
n)− µ′1,p(Sn) = n− 2p
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and

(4.11) µ1,p(Sn) =


n if p = 0, n;

p(n− p+ 1) if 1 ≤ p ≤ [n/2];

(p+ 1)(n− p) if 1 + [n/2] ≤ p ≤ n− 1.

Now the above equalities continue to hold if Sn is replaced by a hemisphere Sn+. In
fact, identify the hemisphere with Sn+ = {(x1, . . . , xn+1) ∈ Sn : xn+1 ≥ 0} and let
σ : Sn → Sn denote the reflection σ(x1, . . . , xn, xn+1) = (x1, . . . , xn,−xn+1). As
the Laplacian commutes with σ, the restriction to Sn+ of any eigenform ω associated
to µ′1,p(Sn) (resp. µ′′1,p(Sn)) which is invariant under σ and nonzero (there exist
such) will be an eigenform on Sn+ associated to the same eigenvalue and satisfying
the absolute boundary conditions. Now an obvious reflection argument shows that
the spectrum of the Laplacian on p-forms on Sn+, for the absolute (or relative)
conditions is a subset of the corresponding p-spectrum of Sn, hence the assertion.

Proof of Theorem 2.3. Let Mn → Rd be an isometric immersion, such that M is
either closed or has a p-convex boundary. We have to show that, for all 1 ≤ p ≤
n− 1,

µ′′1,p(M)− µ′1,p(M) ≥ 1
p

inf
M

(Wp − Tp).

Let ω be an eigenform associated to µ′′1,p(M) having unit L2-norm. By the Bochner
formula and Lemma 4.10 one has:

(4.12)
µ′′1,p(M) =

∫
M

{
‖∇ω‖2 +

1
2

∆(‖ω‖2) + 〈Wp(ω), ω〉
}

≥
∫
M

{
‖∇ω‖2 + 〈Wp(ω), ω〉

}
+ σp

∫
∂M

‖ω‖2.

Now
∫
M ‖dω‖

2 = µ′′1,p(M), and then, by Theorem 2.1 applied to ω,∫
M

‖∇ω‖2 ≥ pµ′1,p(M)− (p− 1)µ′′1,p(M)−
∫
M

〈Tp(ω), ω〉.

Inserting in (4.12), we get:

p(µ′′1,p(M)− µ′1,p(M)) ≥
∫
M

〈(Wp − Tp)(ω), ω〉+ σp

∫
∂M

‖ω‖2.

As ∂M is p-convex one has σp ≥ 0 and the assertion follows.
If M = Sn, isometrically immersed in Rn+1, then Wp = p(n − p) · Id and

Tp = p2 · Id, hence
1
p

(Wp − Tp) = (n− 2p) · Id

at all points. The equality now follows from the calculation in (4.10). �

Proof of Theorem 2.8. Let M be a convex domain of Sn, and Sn+ the hemisphere.
Let Gp = µ1,p(M)− µ1,p−1(M), and:

(4.13) Ḡp := µ1,p(Sn+)− µ1,p−1(Sn+) =


0 if p = 1, n;

n− 2p+ 2 if 2 ≤ p ≤ [n/2];

2n− 4p+ 2 if p = [n/2] + 1;

n− 2p if [n/2] + 2 ≤ p ≤ n− 1
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(see (4.11)). Part (a) says that, for all p = 1, . . . , n,

(4.14) Gp ≥ Ḡp.

We prove this by direct comparison with (4.13). Now Gn ≥ 0 is always true. Let
p = 1, . . . , n− 1. By Theorem 2.3,

(4.15) µ′′1,p − µ′1,p ≥ n− 2p.

As µ′′1,1 ≥ µ′1,1, one has G1 ≥ 0 = Ḡ1 and (4.14) is true for p = 1. Then, let
p = 2, . . . , n− 1. Recall that µ1,p = min{µ′1,p, µ′′1,p}. We will prove below that:

(4.16)

{
If µ1,p = µ′1,p, then Gp ≥ n− 2p+ 2.

If µ1,p = µ′′1,p, then Gp ≥ max{n− 2p, 2n− 4p+ 2}.

Given (4.16), one proceeds as follows. If 2 ≤ p ≤ [n/2] then µ′′1,p−µ′1,p ≥ n−2p ≥ 0;
hence we are in the first case of (4.16) and Gp ≥ Ḡp. If p ≥ 1 + [n/2], just observe
that n − 2p + 2 ≥ max{n − 2p, 2n − 4p + 2} and then Gp ≥ Ḡp in both cases of
(4.16).

It remains to show (4.16). It follows by a repeated use of (4.15) and Hodge
decomposition. Assume that µ1,p = µ′1,p; then

µ1,p = µ′1,p = µ′′1,p−1 ≥ µ′1,p−1 + n− 2p+ 2 ≥ µ1,p−1 + n− 2p+ 2,

and the first part follows. Now assume that µ1,p = µ′′1,p. Then:

(4.17) µ1,p = µ′′1,p ≥ µ′1,p + n− 2p = µ′′1,p−1 + n− 2p;

as µ′′1,p−1 ≥ µ1,p−1, one certainly has µ1,p − µ1,p−1 ≥ n − 2p. But one also has
µ′′1,p−1 ≥ µ′1,p−1 + n− 2p+ 2 ≥ µ1,p−1 + n− 2p+ 2; substituting in (4.17), one gets
µ1,p − µ1,p−1 ≥ 2n− 4p+ 2 and (4.16) is proved.

Proof of (b). We show that for all p = 0, . . . , [n/2] one has λ1,p(M) ≥ µ1,p(M).
By the Hodge duality λ1,p = µ1,n−p. If p ≤ [n/2], then n− p ≥ p and then:

µ1,n−p − µ1,p ≥ µ1,n−p(Sn+)− µ1,p(Sn+) = 0.

Finally the formula

µ1,p(M)− µ1,0(M) ≥ µ1,p(Sn+)− µ1,0(Sn+)

=


0 if p = 1, n;

(p− 1)(n− p) if 2 ≤ p ≤ [n/2];

p(n− p− 1) if 1 + [n/2] ≤ p ≤ n− 1.

follows directly from part (a) and the calculation (4.11). �

4.3. Proof of Theorem 3.1.

Definition 4.11. Let (n−1)K be a lower bound of the Ricci curvature of M and H
a lower bound of the mean curvature of ∂M . Define the constant A = A(K,H,R),
depending on K and H and the inner radius R, by:

(4.18) A = inf{−
θ′K,H(r)
θK,H(r)

, 0 ≤ r < R},
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where θK,H(r) = [s′K(r)−HsK(r)]n−1 and

sK(r) =



1√
K

sin(r
√
K) if K > 0;

r if K = 0;
1√
|K|

sinh(r
√
|K|) if K < 0.

Remark 4.12. Note that, if K ≥ 0, or K < 0 and H ≥
√
|K|, then A = (n− 1)H .

In fact, under any of the above two conditions the function − θ
′
K,H(r)

θK,H(r) is easily
seen to be nondecreasing in r. The constant A comes out of a Heintze-Karcher type
estimate, needed in the proof of Theorem 3.1.

Let us prove the theorem. Let M be a Riemannian manifold with smooth bound-
ary, and assume that the nonnegative function φ satisfies ∆φ ≤ µφ on M , for some

µ ∈ R. Fix any t ∈ (0,
π

2R
). We must prove that, if µ ≤ A2

4
+ t2, then∫

∂M

φ ≥
[A

2
+ t cot(Rt)

]
·
∫
M

φ.

We use distance function methods. Let ρ(x) = dist(x, ∂M) be the distance
function from the boundary of M . Given φ ∈ C∞(M), we consider the function of
r ∈ [0,∞) defined by

F (r) =
∫
M(r)

φ,

where M(r) = {x ∈ M : ρ(x) > r} is the set of all points whose distance from the
boundary is greater than r. As ρ is only Lipschitz on M , F (r) will be only Lipschitz
on the half-line (we refer to [15] for full technical details about the functions ρ and
F ). Nevertheless, it will be useful to examine the distributional derivatives of F (r);
this will lead to the following lemma.

Lemma 4.13. Assume that φ is nonnegative and satisfies ∆φ ≤ µφ on M for some
µ ∈ R. Then the function F (r) satisfies the following differential inequality, in the
sense of distributions on the half-line:

F ′′ +AF ′ + µF ≥ 0.

Note. All distributions considered in the proof are of order zero, i.e., are Radon
measures.

Proof of Lemma 4.13. The distance function ρ is Lipschitz on M , and smooth on
the set M̃ = M \ Cut(∂M), where Cut(∂M) denotes the cut-locus of the normal
exponential map of ∂M (Cut(∂M) has measure zero in M). One has, a.e. on
[0,∞),

F ′(r) = −
∫
ρ−1(r)∩M̃

φ,

the measure on the smooth hypersurface ρ−1(r) ∩ M̃ being the one induced by the
Riemannian metric of M . Let ∆ρ be the distributional Laplacian of ρ. From the
mean-value lemma (see [15], formula (7), p. 517) the second derivative of F is given
by

F ′′ = −
∫
M(r)

∆φ+ ρ∗(φ∆ρ),
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where ρ∗(φ∆ρ) denotes the distribution on [0,∞) given by the push-forward of φ∆ρ
by ρ. The lemma will follow from the inequality

ρ∗(φ∆ρ) ≥ −AF ′,
which we now proceed to show. One has the splitting

∆ρ = ∆regρ+ ∆cutρ,

where the regular part ∆regρ is the Laplacian of the restriction of ρ to M̃ , and
the singular part ∆cutρ is a positive distribution supported on the cut-locus (see
[15], Lemma 2.1). Fix a point x ∈ M̃ and let (r, y) ∈ [0,∞) × ∂M be its normal
coordinates: that is, r = ρ(x) and y is the foot of the (unique) minimizing geodesic
joining x and ∂M . In these coordinates

∆regρ(r, y) = − 1
Θ
∂Θ
∂r

(r, y),

where Θ(r, y) denotes the density of the Riemannian volume form. By the Heintze-
Karcher estimates, one has then

− 1
Θ
∂Θ
∂r

(r, y) ≥ −
θ′K,H
θK,H

(r) ≥ A,

which, together with the positiveness of ∆cutρ, implies

∆ρ ≥ A.
Finally, as φ is nonnegative on M ,

ρ∗(φ∆ρ) ≥ Aρ∗(φ) = −AF ′,
the last equality following from the co-area formula and the definition of push-
forward, which imply

ρ∗(φ)(r) =
∫
ρ−1(r)∩M̃

φ = −F ′(r)

for almost all r. �

Proof of Theorem 3.1 (continued). Assume that µ ≤ A2

4 + t2 := µt. Then ∆φ ≤
µtφ and, by Lemma 4.13, the function F (r) =

∫
M(r)

φ will satisfy the differential
inequality

F ′′ +AF ′ + µtF ≥ 0.
Let y(r) be the solution of the corresponding differential equation, having the same
initial conditions of F : 

y′′ +Ay′ + µty = 0,

y(0) = F (0) =
∫
M

φ,

y′(0) = F ′(0) = −
∫
∂M

φ.

The explicit solution is

y(r) = e−
Ar
2 (d1 cos tr − d2 sin tr),

where

d1 =
∫
M

φ and d2 =
1
t

[ ∫
∂M

φ− A

2

∫
M

φ
]
.
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Now, even if Lemma 4.13 holds only in the sense of distributions, the usual compar-
ison arguments still hold, and we conclude that F (r) ≥ y(r) for r ∈ [0, Rt], where
Rt is the first zero of y(r) (note that Rt > 0 because y(0) > 0). In particular, as
R = maxM ρ, one has F (R) = 0 and R ≥ Rt. Since tRt ≤ tR ∈ (0, π/2), and
cot(tRt) = d2

d1
, one gets

cot(tR) ≤ d2

d1
,

which is the final statement.
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